Abstract-The effect of iron on the uniformity of the field produced by an axisymmetric thick solenoid is considered. Using an integral equation derived for brevity using the quaternion variable of Hamilton the components of the magnetic induction are computed. The solution to the vector potential and field components is also derived using the Euler-Maclaurin Summation formula to convert the doubly infinite summation to an integral.
If the pole lies on the curve C then it can be shown using the Plemelj formulae, or by indenting the contour, that 
II. THE THREE DIMENSIONAL COUNTERPART
Here the four dimensional quaternion operator of Hamilton will be used to derive the three dimensional counterpart of equation (1) . The quaternion variable: 
Equation (2) is remarkable in the sense that this simple looking expression contains Gauss' divergence theorem and Stoke's theorem of vector calculus, where n is the unit outward normal to the surface S, enclosing the region R and dv and ds are the usual volume and surface differentials respectively. Equation (2) forms the basis of the three dimensional counterpart of equation (1) . The functions involved will be dependent on two position vectors P and Q , with W chosen to represent the reciprocal of the distance from P to Q , so that (3) i.e., 
the vector part of equation (4) is the three dimensional counterpart of (1).
III. APPLICATION TO MAGNETOSTATIC FIELD PROBLEM Equation (4) will now be applied to calculate the field components associated with an axisymmetric conductor of rectangular cross section situated equidistant from two semi-infinite regions of iron of finite permeability are computed. The magnetostatic field associated with iron-free axisymmetric systems has been considered in [1] , [2] and by many others, for example reference [3] - [5] take into account the effects of the presence of iron on such systems. The main advantages of introducing iron are:
i. Higher fields are provided for the same current, producing substantial power savings over conventional conductors.
ii. The field uniformity is improved even for superconducting solenoids by placing the iron in a suitable position.
The geometry considered is shown in figure 2 , a toroidal conductor V' of rectangular cross section having inner radius A, outer radius B and length L-2ε, is located equidistant between two semi-infinite regions of iron of finite permeability a distance L apart, the axis of the torus being perpendicular to the iron boundaries. The region V between the conductor and the iron is assumed insulating. Cylindrical polar coordinates (ρ,φ,z) are used where ρ and z are normalized in terms of L. Prior to the work described in [3] the presence of iron in axisymmetric systems had been largely ignored see [2] and [6] (4) is:
The governing equations are those of Maxwell thus:
Where e φ is a unit vector in the direction of increasing φ and C is a constant with 
the  j component vanishes due to the integrand being an odd function, so that
Expanding these integrals in a Maclaurin series in ρ it can be shown (see [9] ) that the i and j components of expression (6) 
Where w=z-z'. Now to consider the surface integral S where
Where the discs S i (i=1,2,3) are shown in figure 3 . On the discs S 1 and S 2 , 0 n B ∧ =, so that the integral S 1 becomes
With z=0 on S 1 . Using the expression for r with outward drawn normal to S 1 equal to -i, then 
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With outward drawn normal to S 3 radial, so that
In this last equation the point P is allowed to occupy the boundary points Q giving rise to a diagonally dominant Here use of the Euler-Maclaurin summation will be made to convert the doubly infinite summation corresponding to the image coils to an integral. Much literature exists on the derivation of the formula thus only the final formula will be quoted. We have seen [10] that: In order to make any progress with this integral the integrand will be expanded in a Maclaurin series in α which will be a small parameter. Thus , (see [11] ).
Weber's function of order ν , (see [11] ) and
Neumann's function of order ν ,(see [11] ). So 
With similar manipulation as just described it can be shown that To proceed with this method these special functions must be written in a form so that they can be integrated over the volume of interest. γ is the Euler-Mascheroni constant (as shown in [1] By definition the Weber function may be expressed as
[ ]
The relationship between Weber's function and the Struve function is, for n being a positive integer or zero (see for example [1] ) In [10] it has been shown that these integrals containing the series of the hypergeometric function are uniformly convergent in the interval of integration so that with some algebraic manipulation it can be shown [10] ∆ are now known.
XII. CONCLUSIONS.
The two methods of solution were found to be in good agreement however more terms are required for the method of solution based on the Euler-Maclaurin summation formula. The effect of the permeability of the iron is shown in figures 4, 5, 6 and 7. XIV. FIGURES Fig. 1 The region R bounded by the curve C showing the singularity z 0 inside R Fig. 2 A toroidal conductor V' of rectangular cross section located midway between two semi infinite regions of iron of finite permeability. The region V is assumed to be insulating. International Conference on Machine Learning, Electrical and Mechanical Engineering (ICMLEME'2014) Jan. 8-9, 2014 Dubai (UAE)
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